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Paper:  Partial Differential Equations and Generalized Functions 

1. Solve the following: (𝐷2 + 5𝐷𝐷′ + 𝐷′2)𝑧 = 0 where 𝐷 ≡
𝜕

𝜕𝑥
 and 𝐷′ ≡

𝜕

𝜕𝑦
 . 

2. Find the derivative of the Heaviside unit step function. 

3. Find the solution of 𝑧2 = 𝑝𝑞𝑥𝑦 . 

4. Solve: (𝑥2𝐷2 − 2𝑥𝑦𝐷𝐷′ + 𝑦2𝐷′2 − 𝑥𝐷 + 3𝑦𝐷′)𝑢 = 8
𝑦

𝑥
. Symbols have their usual 

meaning. 

5. Show that the Green function for the Laplace equation is symmetric. 

6. Check the validity of the maximum principle for the harmonic function 
1−𝑥2−𝑦2

1−2𝑥+𝑥2+𝑦2 in 

the disk 𝐷̅ = {(𝑥, 𝑦): 𝑥2 + 𝑦2 ≤ 1}. 

7. Establish the Poisson’s formula for the solution of a Dirichlet problem for the Laplace 

equation in a disk of radius 𝑎. 

8. State and prove the strong maximum principle. 

9. Establish the Laplace equation in polar coordinates. 

10. Prove that 𝛿(𝑎𝑡) =
1

𝑎
𝛿(𝑡), Symbols have their usual meaning. 

11. Obtain the solution of the interior Dirichlet problem for the Poisson’s equation in a 

sphere using the Green’s function method. Hence derive the Poisson integral formula. 

12. Define the Domain of dependence of the Cauchy problem for the wave equation. 

13. Define characteristic curve and characteristic base curve of a first order quasi linear 

PDE. 

14. Find the solution of (𝐷2 − 𝐷𝐷′ − 2𝐷′2)𝑧 = (𝑦 − 1)𝑒𝑥 ,  Where 𝐷 =
𝜕

𝜕𝑥
  𝑎𝑛𝑑 𝐷′ =

𝜕

𝜕𝑦
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15. Prove that the type of a linear second order PDE in two variables is invariant under a 

change of Co-ordinates. 

16. State Basic existence theorem for Cauchy Problem. 

17. Solve the following PDE: (𝑥2𝐷2 − 4𝑥𝑦𝐷𝐷′ + 4𝑦2𝐷′2 + 6𝑦𝐷′)𝑧 = 𝑥3𝑦4 Where 

𝐷 =
𝜕

𝜕𝑥
  𝑎𝑛𝑑 𝐷′ =

𝜕

𝜕𝑦
 

18. Find the integral surface of the linear PDE (𝑥 − 𝑦)𝑝 + (𝑦 − 𝑧 − 𝑥)𝑞 = 𝑧 which 

passes through the circle 𝑥2 + 𝑦2 = 1, 𝑧 = 1. 

19. Reduce the following equation to a canonical form and hence solve it  

𝑦𝑢𝑥𝑥 + (𝑥 + 𝑦)𝑢𝑥𝑦 + 𝑥𝑢𝑦𝑦 = 0. 

20.  Find the general integral of the PDE  𝑝2𝑦(1 + 𝑥2) = 𝑞𝑥2. 

21. Establish the d’ Alembert’s formula for solve the Cauchy problem for homogeneous 

wave equation. 

22. Define Dirichlet boundary condition and Neumann boundary condition. 

23. State and prove the strong maximum principle for elliptic pole. 

24. Find the adjoint of the differential operator L(u) = 𝑢𝑥𝑥 + 𝑢𝑡𝑡 − 𝑢𝑡 . 

25. Find the PI of the PDE (𝐷2 + 𝐷𝐷′ + 𝐷′ − 1)𝑧 =  sin(𝑥 + 2𝑦) . 

26. What are  the  main difference between an ODE and PDE ? 

27. Define Dirac delta function. 

28. Eliminate the arbitrary function f and F from y = f(x- at) + F(x+at) . 

29. Prove that every nonnegative harmonic function in the disk of radius 𝑎 satisfies 
𝑎−𝑟

𝑎+𝑟
 𝑢(0, 0) ≤ 𝑢(𝑟, 𝜃) ≤  

𝑎+𝑟

𝑎−𝑟
 𝑢(0, 0). 

30. Solve the problem 𝑢𝑡𝑡 − 𝑢𝑥𝑥 = 0          0 < 𝑥 < ∞, 0 < 𝑡,  𝑢(0, 𝑡) =
𝑡

1+𝑡
,          0 ≤

𝑡 ,  𝑢(𝑥, 0) = 𝑢𝑡(𝑥, 0) = 0, 0 ≤ 𝑡 < ∞ 

31.  

Let  u(x, y) be an integral surface of the equation  

 a(x, y)𝑢𝑥 + 𝑏(𝑥, 𝑦)𝑢𝑦 + 𝑢 = 0 , where a(x, y) and b(x, y) are positive differentiable 

function in the entire plane. Define D = {(x, y): |𝑥| < 1 , |𝑦| < 1} 

(i) Show that if u  be positive on the boundary of D , then it is positive  at every 

point in D. 

(ii) Suppose that u attains a local minimum (maximum) at a point (𝑥0, 𝑦0) ∈ 𝐷 . 

Find  u(𝑥0, 𝑦0). 

32. State the interior and exterior Dirichlet problem. 

33. Find the solution of the following problem 𝑢𝑥 + 𝑥2𝑢𝑦 = 0 with 𝑢(𝑥, 0) = 𝑒𝑥. 

34. Let 𝑢(𝑥, 𝑦) solve the Cauchy problem 
𝜕𝑢

𝜕𝑦
− 𝑥

𝜕𝑢

𝜕𝑥
+ 𝑢 − 1 = 0 where −∞ < 𝑥 < ∞, 

𝑦 ≥ 0 and 𝑢(𝑥, 0) = sin 𝑥. Then find the value of 𝑢(0,1). 

35. Consider the initial value problem 
𝜕𝑢

𝜕𝑥
+ 2

𝜕𝑢

𝜕𝑦
= 0, 𝑢(0, 𝑦) = 4𝑒−2𝑦 .  Then find the 

value of  𝑢(1,1). 

36. Find the complete integral of the PDE  
𝜕2𝑢

𝜕𝑥2 + 2
𝜕2𝑢

𝜕𝑥𝜕𝑦
+

𝜕2𝑢

𝜕𝑦2 = 𝑥𝑒𝑥+𝑦. 
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37. Let P(x, y) be a particular integral of the partial differential equation 
𝜕𝑧𝑧

𝜕𝑥2 −
𝜕𝑧

𝜕𝑦
= 2𝑦 −

𝑥2. Then find the value of P(2, 3). 

38. Let u be the unique solution of 
𝜕2𝑢

𝜕𝑡2 −
𝜕2𝑢

𝜕𝑥2 = 0, 𝑥 ∈ 𝑅, 𝑡 > 0, 𝑢(𝑥, 0) = 𝑓(𝑥),    

𝜕𝑢

𝜕𝑡
(𝑥, 0) = 0, 𝑥 ∈ 𝑅. Where 𝑓(𝑥) = 𝑥(1 − 𝑥), ∀𝑥 ∈ [0, 1] and 𝑓(𝑥 + 1) =

𝑓(𝑥)∀𝑥 ∈ 𝑅. Then find the value of 𝑢(
1

2
,

5

4
). 

39. Let u(x, t) satisfy the initial boundary value problem 𝑢𝑡 = 𝑢𝑥𝑥 ; 𝑥 ∈ (0, 1), 𝑡 > 0,  

𝑢(𝑥, 0) = sin(𝜋𝑥) ; 𝑥 ∈ [0,1], 𝑢(0, 𝑡) = 𝑢(1, 𝑡0 = 0, 𝑡 > 0. Then find the value of  

𝑢 (𝑥,
1

𝜋2) , 𝑥 ∈ (0,1). 

40. Let u(x, t) be the solution of  
𝜕2𝑢

𝜕𝑡2 −
𝜕2𝑢

𝜕𝑥2 = 𝑥𝑡,    − ∞ < 𝑥 < ∞, 𝑡 > 0 ,                      

𝑢(𝑥, 0) =
𝜕𝑢

𝜕𝑡
(𝑥, 0) = 0,    −∞ < 𝑥 < ∞ . Then find the value of u(2, 3). 

41. Let u(x, t) satisfy the initial boundary value problem 
𝜕2𝑢

𝜕𝑡2 =
𝜕2𝑢

𝜕𝑥2   0 < 𝑥 < ∞, 𝑡 > 0 

𝑢(𝑥, 0) = cos(
𝜋𝑥

2
) , 0 ≤ 𝑥 < ∞ 

𝜕𝑢

𝜕𝑡
(𝑥, 0) = 0, 0 ≤ 𝑥 < ∞ ,

𝜕𝑢

𝜕𝑥
(0, 𝑡) = 0, 𝑡 ≥ 0. Then 

find the value of  𝑢(2, 2) and 𝑢(
1

2
,

1

2
). 
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